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Abstract 
Nuclear structure data play an important role in nuclear physics studies and applications such as 
nuclear power generation. This article presents the evaluations of a mean-field approach to describe 
two nuclear structure quantities namely the electric and magnetic moments. The Hartree-Fock-plus-
pairing approach was employed with pairing correlations treated within the Bardeen-Cooper-
Schrieffer (BCS) framework. The Skyrme SIII parametrization and seniority force were chosen to 
approximate the effective nucleon-nucleon and pairing interactions, respectively. Calculated results 
show that the self-consistent blocking procedure which considers time-reversal symmetry breaking is 
important to reproduce experimental magnetic moment. 
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INTRODUCTION 
Clean and renewable energy is one of the important themes in the 
Fourth Industrial Revolution. The aim is to change our dependency 
from the current fossil-fuel generated power to a more sustainable 
option [1]. In this aspect, nuclear fission has been a reliable source of 
low-carbon energy production with many countries relying on nuclear 
energy for electricity generation [2]. While nuclear energy is not a 
type of renewable energy in the strictest sense, it still plays an 
important role in electricity generation especially for countries that do 
not have access to other forms of renewable sources such as solar, 
hydropower, and wind. It is foreseen that nuclear energy derived from 
fission of a heavy nucleus into two smaller fragments will continue to 
be the main source of nuclear energy for many years to come.  
While nuclear fission is the key element of nuclear energy 
generation, this process itself is not fully understood by physicists. 
Nuclear fission has remained as an active field of research for both 
nuclear theorists and experimentalists even after its first discovery in 
1938 [3]. From theoretician's point of view, a unifying nuclear model 
capable of describing both static and dynamic nuclear properties is 
desired. As theoreticians strive to achieve this, results generated from 
theoretical studies also play an important role not only in experimental 
nuclear physics but also to other nuclear applications such as power 
generation. 
Theoretical researches contribute to nuclear power generation in 
the form of providing information on relevant nuclear properties to be 
used as primary inputs for cross sections evaluations, for instance in 
the works [4,5]. One example of input parameter needed for fission 
cross-section calculations is the fission-barrier heights. This quantity 
can be extracted from the deformation energy surface describing the 
variation of energy with nuclear deformation. Fig. 1 shows an 
example of deformation energy surface together with some excited 
states above the saddle points obtained from liquid drop model 
calculations and liquid-drop-plus-shell-correction (referred to as SCM 
in the diagram) calculations [6]. 
Nowadays, many nuclear models have been developed and used 
to study nuclear fission process. The mean-field approach based on 
the Hartree-Fock-plus-pairing is one such model. This model was first 
developed in the 1970s to investigate nuclear properties in the ground-
state deformation [7,8]. It was subsequently extended to large nuclear 
deformation and applied to the study of nuclear fission of 240Pu 
nucleus in 1974 [9]. Recently, interest towards the application of 
mean-field approach in odd-mass nuclei is on the rise. 
Theoretical description of odd-mass nucleus is slightly different 
than that encountered for even-even (even with respect to both 
neutron and proton numbers) nucleus. The difference is due to the 
unpaired nucleon in odd-mass nucleus. Two main approaches exist 
with this regard to treating this unpaired nucleon. It boils down to the 
choice of whether to account for the breaking of time-reversal 
symmetry at the mean-field level or not. Studies have shown that the 
effect of the time-reversal symmetry on total binding energy is 
negligible (of the order of a few eV). As such, proponents of the equal   
filling approximation argue that it makes sense to ignore the time-
reversal symmetry breaking effect altogether. On the contrary, studies 
on magnetic dipole moment of some odd-mass nuclei showed that 
proper accounting of the time-reversal symmetry breaking which 
results in core (of the odd-mass nucleus) polarization is crucial in 
reproducing qualitative agreement to experimental data [10]. 
Following this argument, studies have been performed within the so-
called self-consistent blocking (SCB) approach for band-head 
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energies of odd-mass heavy nuclei at the ground-state deformation 
[11] and extrapolated to larger deformation for description of fission-
barrier heights [12]. 
This paper extends the previous studies in actinide region into the 
rare-earth region as a testing ground for the SCB approach in view of 
rich experimental data available for comparison. Focus is given to 
electromagnetic moments with emphasis on magnetic dipole moment 
at the ground-state deformation. The mean-field approach used in this 
study is discussed briefly in the Theoretical Framework section with 
reference to key articles for in-depth information. The numerical 
methods necessary to solve the differential equation are mentioned in 
Technical Details of Calculations section. Results are presented in the 
following section and the conclusion from this study is drawn in the 
last section. 
Fig. 1 Deformation energy surfaces obtained from liquid drop model 
(LDM) and self-correction method (SCM). The inner and outer fission-
barrier heights are denoted as VA and VB, respectively. The diagram 
was extracted from Bouland et al. [6] with permission from American 
Physical Society. 
THEORETICAL FRAMEWORK 
The Hartree-Fock-plus-BCS approach 
When solving the Hamiltonian for a many-particle system such as 
in atomic nucleus, one can rely on the Hartree-Fock approximation to 
reduce from a many-particle to a simplified one-particle problem. The 
many-particle Hamiltonian ?̂? is written as 
?̂? =  ?̂? + ?̂? ,     (1) 
where ?̂? is the total kinetic energy and ?̂? consists of two (sometimes 
three) -particle term. In nuclear physics, the latter is the nucleon-
nucleon interaction and is usually represented by a phenomenological 
mathematical expression. The Skyrme interaction is one such example 
and has been widely used in nuclear structure [13] and reaction [14] 
studies. 
When using the Skyrme interaction, the expectation value of the 
many-particle Hamiltonian in a normalized Slater determinant |Ψ⟩  
can be written in terms of a Hamiltonian density ℋ̂(𝒓) 
⟨Ψ|?̂?|Ψ⟩ =  ∫ ℋ̂(𝒓)  𝑑𝑟    (2) 
with contributions to the Hamiltonian density coming from the kinetic 
energy ℋ̂𝑘𝑖𝑛, central ℋ̂𝑐, density-dependent ℋ̂𝐷𝐷, spin-orbit ℋ̂𝑠.𝑜, and 
Coulomb energy ℋ̂𝐶𝑜𝑢𝑙 terms 
ℋ̂(𝒓) =  ℋ̂𝑘𝑖𝑛(𝒓) + ℋ̂𝑐(𝒓) + ℋ̂𝐷𝐷(𝒓) + ℋ̂𝑠.𝑜(𝒓) +  ℋ̂𝐶𝑜𝑢𝑙(𝒓) . (3) 
The contributions to the Hamiltonian density are written in terms of 
six types of local densities that are classified as either time-even or 
time-odd local densities depending on the action of the time-reversal 
symmetry operator. 
The Hartree-Fock method is an approximation approach to solve 
the many-particle problem in terms of a one-particle problem. The 
one-particle Hartree-Fock Hamiltonian is obtained here by varying the 
expectation value of ?̂? (i.e. the total energy) with respect to |Ψ⟩. In 
practice, this is equivalent to making a variation with respect to the 
single-particle wave function 𝜙𝑖(𝒓) since the Slater determinant for 
N-particle system is written as 
⟨𝒓|Ψ⟩ =  Ψ(𝒓) =  
1
√𝑁!
 |
𝜙1(𝒓1) ⋯ 𝜙1(𝒓𝑁)
⋮ ⋱ ⋮
𝜙𝑁(𝒓1) ⋯ 𝜙𝑁(𝒓𝑁)
| .  (4) 
Applying the variational method yields a set of Hartree-Fock 
equations to be solved iteratively (see Appendix A of [12] and 
references therein). One usually starts by using previously converged 
Hartree-Fock solution as input, which is then used to compute the 
local densities. The local densities are then used for solving the 
Hartree-Fock equations yielding a new set of wave functions. The 
wave functions are then used to calculate local densities and the 
calculations are repeated until convergence is achieved. 
When describing non-closed shell nucleus, it is important to 
consider pairing correlations. Within the HF framework, pairing 
correlations can be treated using the Bardeen-Cooper-Schrieffer 
(BCS) [15] approach. In doing this, one enters the BCS loop 
immediately before calculations of local densities in the HF iterative 
process. The occupancy probability 𝑣𝑖
2 of each single-particle wave 
function is calculated resulting in the inclusion of 𝑣𝑖
2 term in the local 
densities. The value of 𝑣𝑖
2 can take any value between 0 to 1 with 
𝑣𝑖
2 = 1 representing that the single-particle state i is fully occupied. 
Approach to odd-mass nucleus 
For calculations of odd-mass nucleus, we specify at the start of the 
calculation which single-particle state that will be occupied by the last 
unpaired nucleon. The projection of the total angular momentum on 
the symmetry z-axis of the blocked k state, Ω𝑘 is assumed to be the 
theoretical total angular momentum quantum number of the whole 
nucleus denoted as K. Several calculations were performed by 
blocking different single-particle states in order to determine the 
lowest-energy solution for one particular nucleus.   
The blocking calculation herein is referred to as SCB approach in 
[11,12] and is performed by setting the occupation probability of the 
specific single-particle state to 1. Calculations are performed similar 
to an even-even nucleus with the exception of the blocked state which 
does not participate in the BCS calculations. The blocking procedure 
causes the time-odd local densities to be non-vanishing and induces 
the breaking of time reversal symmetry in the HF level. This results in 
a single-particle spectrum which is no longer degenerate as in the case 
for the ground-state of an even-even nucleus. 
Consequently, one is no longer able to establish a one-to-one 
correspondence between the single-particle states necessary to define 
a BCS-pair state. A method initially applied in [16] was used to re-
establish this pair-state by searching for the maximum overlap 
between one single-particle state and another time-conjugate state. 
TECHNICAL DETAILS OF CALCULATIONS  
Choice of interactions 
The Skyrme interaction is written in terms of some parameters 
have been optimized according to specific study purpose. In this work, 
the SIII Skyrme parametrization [17] was chosen in view of its 
suitability for the study of ground-state nuclear properties. The values 
of the Skyrme parameters for the SIII set can be retrieved as presented 
in Appendix A of [18].  
Within the BCS framework, the seniority force has been chosen to 
approximate residual pairing interaction. The pairing matrix element 
is given by 
𝑣𝑘?̂?𝑙𝑙 =  −
𝐺𝑞
11+ 𝑁𝑞
,    (5) 
where 𝐺𝑞 is the pairing strength and 𝑁𝑞 is the nucleon number for the 
charge state q. A systematic study on the fit procedure of the pairing 
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strengths has been performed in [19] and the optimal values around 
the rare earth region are found to be 𝐺𝑛 = 16 MeV (for neutron) and  
𝐺𝑝 = 15 MeV (for proton). 
Numerical integration 
The single-particle wave function 𝜙𝑖 in our approach is expanded 
on the deformed harmonic oscillator basis and is written in terms of 
the Hermite polynomial 𝐻𝑛(𝜉) along the symmetry z-axis and 
Laguerre polynomial 𝐿𝑛(𝜂) at the perpendicular r-plane with 
𝜉 =  𝑧𝛽𝑧 𝜂 =  𝑟
2𝛽⊥
2   (6) 
in which  𝛽𝑧 and 𝛽⊥ are harmonic oscillator constants. The numerical 
integration involving the HF Hamiltonian is solved by using the 
Gauss-Hermite and Gauss-Laguerre quadrature methods such that 
∬ 𝑒−𝜉
2
𝑒−𝜂𝑔(𝜉, 𝜂) 𝑑𝜉 𝑑𝜂 ≈  ∑ ∑ 𝜔𝑖𝜔𝑗𝑓(𝜉𝑖)
𝑁𝐺
(𝑟)
𝑗=1 𝑓(𝜂𝑗)
𝑁𝐺
(𝑧)
𝑖=1 ,      (7) 
where 𝜔𝑖 and 𝜔𝑗  are respective weighting factors [20] 
𝜔𝑖 =  
2
(𝑁𝐺
(𝑧)
−1)
𝑁𝐺
(𝑧)
! √𝜋 
𝑁𝐺
(𝑧)2
 (𝐻
𝑁𝐺
(𝑧)
−1
(𝜉𝑖))
2 , (8) 
𝜔𝑗 =  
𝜂𝑗
(𝑁𝐺
(𝑟)
+1)
2
(𝐿
𝑁𝐺
(𝑟)
+1
(𝜂𝑗))
2  .  (9) 
                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                            
The number of Gauss-Hermite point 𝑁𝐺
(𝑧)
 and Gauss-Laguerre point 
𝑁𝐺
(𝑟)
 are chosen here to be 50 and 16, respectively.                                                                                                                                                                                 
RESULTS AND DISCUSSION 
Nuclear spin and parity 
As mentioned in the Theoretical Framework section, calculations 
for an odd-mass nucleus involved computations of different blocked 
single-particle states. The theoretical ground-state solution 
corresponds to the lowest-energy solution and the total angular 
momentum K and parity 𝜋 for the whole nucleus is approximated by 
the  Ω𝐾 and π quantum numbers of the blocked single-particle state. 
The ground-state 𝐾𝜋 quantum numbers of some odd-neutron 
nuclei (i.e. nuclei with odd numbers of neutrons but even numbers of 
protons) are tabulated in column 2 of Table 1.  
The experimental nuclear spin and parity 𝐼𝜋 quantum numbers are 
reproduced from our calculations except for 165Dy, 169Er, and 171Yb. 
For these three nuclei, the energy difference between the two blocked 
states of the same nucleus is about 100 keV. 
Magnetic dipole moment 
The magnetic dipole moment 𝜇𝑡𝑜𝑡 of a nucleus is a sum of 
contribution from intrinsic 𝜇𝑖𝑛𝑡𝑟 and collective 𝜇𝑐𝑜𝑙𝑙  magnetic 
moments 
𝜇𝑡𝑜𝑡 =  𝜇𝑖𝑛𝑡𝑟 +  𝜇𝑐𝑜𝑙𝑙  .     (10) 
Calculations for both contributing terms were performed according to 
equations (6–8) and (12–13) of [10]. The calculated values are 
tabulated in column 3 and compared to experimental data [21] in 
column 4 of Table 1. The results show that the calculated values agree 
well with experimental data except for three nuclei namely 171Er and 
the 7/2+ blocked configuration in both 169Er and 171Yb. In these nuclei, 
the magnitude of the calculated results and experimental values are 
very close except that they are opposite in sign. When excluding these 
major differences, the largest discrepancy between calculated and 
experimental 𝜇𝑡𝑜𝑡 is about 0.4 𝜇𝑁 in 
175Yb nucleus. 
Electric quadrupole moment 
The electric charge quadrupole moment which provides 
information on charge distribution is calculated within the HF-BCS 
framework using the equation [22] 
𝑄20 =  ∫ 𝜌
(𝑝)(𝒓)(3𝑧2 − 𝑟2)𝑑3𝒓          (11)  
with r2 = x2 +y2 and 𝜌(𝑝)(𝒓) is the proton charge density. The intrinsic 
charge quadrupole moment 𝑄20 provides the charge distribution in the 
frame of reference where the nucleus is at rest. Comparison to 
experimental data is made using the spectroscopic quadrupole 
moment 𝑄20
(𝑠)
 obtained from the expression [23] 
𝑄20
(𝑠) =  
3𝐾2−𝐼 (𝐼+1)
(𝐼+1)(2𝐼+3)
 𝑄20 ,    (12) 
where I is the experimental nuclear spin quantum number. The 
calculated 𝑄20
(𝑠)
 are tabulated and compared to experimental data 
[21,24] in columns 5 and 6 of Table 1, respectively. Excluding 169Er 
and 171Yb in which no experimental data is available for comparison, 
it was found that the calculated values lie within ±0.15 b from 
experimental values. 
Table 1  Magnetic dipole moment tot (in unit of nuclear magneton 𝜇𝑁) and electric charge quadrupole moment 𝑄20 (in unit of barns, b) for odd-
neutron nuclei with comparison to experimental data extracted from [21, 24]. The values in parentheses reflect uncertainties in the last digits. 
Nucleus 𝑲𝝅 𝜇𝑡𝑜𝑡 [𝜇𝑁] 𝑄20
(𝑠) [𝑏] 
Theo Exp Theo  
Exp 
163Dy 5/2- 0.885 0.673(4) 2.701 
2.318(6) 
2.65(2) 
165Dy 
7/2+ (exp) 
1/2- (theo) 
-0.469 
0.427 
-0.520(5) 
- 
3.586 
- 
3.48(7) 
- 
169Er 
1/2- (exp) 
7/2+(theo) 
0.409 
-0.493 
0.52(3) 
0.4850(2) 
- 
3.686 
- 
- 
171Er 5/2- -0.695 0.659(10) 2.801 
2.86(9) 
171Yb 
1/2- (exp) 
7/2+(theo) 
0.404 
-0.480 
0.49367(1) 
0.4949(4) 
- 
3.725 
- 
- 
173Yb 5/2- -0.686 
-0.648(3) 
-0.67989(3) 
0.68002(3) 
2.823 
2.8(4) 
175Yb 7/2- 1.179 
0.768(8) 
0.58(8) 
0.40(5) 
3.588 
3.52(5) 
177Hf 7/2- 1.067 0.7935 3.499 
3.37(3) 
3.36(3) 
179Hf 9/2+ -0.653 -0.6409(13) 3.928 
3.79(3) 
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CONCLUSION 
In this paper, the SCB approach to odd-mass nucleus within the 
HF-BCS approach has been tested for some rare earth nuclei. Based 
on the small samples of nuclei and choice of nuclear properties 
presented herein, comparison between theoretical and experimental 
data show that the SCB approach is a reliable manner to treat odd-
mass nucleus. A remarkable point is the success in reproducing some 
experimental magnetic moment which is a quantity where the effect of 
time-reversal symmetry breaking is the most apparent. Nevertheless, 
some large deviations from data were found and this points toward 
some improvements to be considered for the next stage of our work.  
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